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Abstract

This paper presents a heuristic for solving a M-salesmen problem, when
M > 1, and these M-salesmen have different home stations, from where their
tour will begin and end. Once again, the index restricted shortest connected
tree approach has been applied to identify two independent index restricted
connected paths, which have been interpreted as equivalent to the required
tours for M-salesmen. Situation of more than one salesman is a natural
extension that can arise in all industrial and commercial situations where the
salesman tours have applications.
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1 Introduction

The traveling salesman problem (TSP) is a well-known classical problem in
graph theory. It deals with determination of the salesman tour starting from
a home city and after visiting all other cities once returns to the home city
in minimum cost or time. The round path has many real-life applications
in many industrial and business situations. Many of these applications have
financial consequences. Due to these applications and financial implications,
the TSP has attracted a lot of attention from researchers, see [1-7]. Many
TSP approaches require excessive computational time, which in many cases
is a function of the number of nodes in the network. For some approaches
the computational load increases exponentially, and the approach does not
remain meaningful to provide a solution in a reasonable time [8]. It is for
this reason; the travelling salesman problem has been classified as a NP
Hard problem, see [1, 2, 9]. However, the computational load for some recent
approaches for the travelling salesman problem did not grow exponentially,
and therefore, a question about NP Hard classification of the TSP has been
raised in [4]. The question is: “Is the travelling salesman problem really NP
Hard?”. A binary formulation to the TSP has been developed and solved in
polynomial time in [3]. In [10] an equivalence has been established between
the index restricted connected tree and the TSP. In these recent approaches,
the computational load does not increase exponentially as a function of the
number of cities involved in the salesman problem.

In many cases, a region to be covered by the salesman tour may be large
or time required by the salesman to visit all stations may be excessive for
one person to undertake a complete tour of all the cities. In that situation, a
conventional TSP may not be the best answer, and a natural consequence will
be to distribute the salesman’s work among more than one person. Hence a
need arises for consideration of M-salesmen (M > 1) travelling salesmen,
which is addressed in this paper for M = 2. The approach can be easily
extended to M > 2. For two salesmen, we need to find 2 independent routes
for the 2-salesmen such that each place is visited once by any one person,
and after visiting all cities by at least by one salesman, these 2-salesmen
return to their respective home cities. The home-city may be a specific
city for both salesmen, or it may be a different city for each salesman is a
matter of the network configuration and characteristics of the situation. For
example, if one deals with a large metropolitan city with several department
stores and more than one warehouse, the delivery persons will be required to
start and return to different warehouse, representing home cities for those
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salesmen. However, if there is only one warehouse, all delivery persons
will commence their journey and return to the same warehouse, it will be
a situation when both salesmen have the same city representing their home
city.

In this paper, we consider 2-salesmen and a known different home city for
each salesman. As pointed out above, a possible variant of the above situation
will be that two-salesman may operate from only one city as their home city,
and it will be investigated in some other publication.

Here, we consider that two-salesmen covering a given geographic area
represented in the form of a network and salesperson start from two separate
home cities and return to their home cities after visiting all stations such that
all cities are visited by at least one salesmen and cities are distributed among
these two salespersons in an equitable form. For example, if there are odd
number of stations to be visited, it is natural that one salesman will end up
getting one extra station compared to the other salesman, whereas when the
number of visiting stations is even, both are given an equal number of visiting
stations. Once again, we approach the two-salesmen problem as an index
restricted connected tree considered earlier in [4, 11]. We attempt the problem
of obtaining two separate index restricted connected trees of a graph, such
that:

I. Each node is a member of one and only one tour, not both.
II. All nodes of the given network are distributed in two independent trees,
which forms the required salesman tour.
III. The sum of two trees is minimum.
IV. The given network is reduced to node index restricted connected paths,
which have alternative interpretation of salesman tours for the two
salesmen.

The problem of developing two independent connected trees of a graph
is discussed in Section 2. The paper has been organized into 7 sections.
Section 2 presents two independent disconnected trees, which are required
for finding two-salesmen tours, when each node is visited by one salesman
and tour is of minimum length. Section 3 describes the reconstruction of
the given network for finding two independent index restricted paths. The
proposed heuristic is presented in Sections 4 and 5 deals with a few numerical
illustrations to explain steps of the proposed heuristic. Section 6 presents a
binary formulation of the 2-salesmen problem to illustrate that the binary
modelling can become very complex and demanding for larger networks.
Finally, the chapter is concluded in Section 7.
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2 Two Independent Disconnected Trees of a Graph

The minimum connected tree of a network is a known graph theory problem,
and several methods exist for obtaining the minimum connected tree of
a given network, see [12]. However, an alternative approach to find the
connected tree of a graph has been discussed in [13]. For an N Node network,
a minimum connected tree is comprised of (N—1) number of links connecting
all nodes without forming any loop. The authors in [13] viewed the connected
tree problem as a dynamic program and initiated the search by selecting
one link at a time from a known node and obtained the required minimum
spanning tree of the given network in (N—1) iterations. After finding an
initial link, idea is to add one link at a time such that the selected links
form the shortest connected tree of the nodes formed by those selected links.
Each iteration adds one more link and the search come to an end after (N-
1) iterations. Here we are looking for two disconnected trees, each tree is
built around the given specified node, representing the home city for these
salespersons. Consider a network

G(N, L), where the node setis N =1,2,... (N —1),N.
The link set L has elements C;;, where 1,5 =1,2,...,N,i # j.

Let the specified nodes representing the home cities for the 2-salesmen be
represented by the nodes 1 and N. Since each tree is going to be inde-
pendent of each other, the total number of links in the two independent
trees will be given by (N — 2). If the number N is even, each tree will

have % = k, number of links. However, if N is an odd number, we

let W-3) k, number of links, where one of the two trees will have
one link more in the tree compared to the other, i.e., one tree will have k
number of links and the other will have (k + 1) number of links. These two
independent trees will be two disconnected trees and the required salesmen

tours.

3 Reconstruction of the Given Network and Mathematical
Support

In the reconstructed network, the node representing the home city is dupli-
cated, i.e., the ‘n-node’ network is reconstructed as a network comprised of
(n 4 2) number of nodes. Assuming the home cities are represented by nodes
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1 and n, their duplicate nodes are represented by nodes 1’ and n’. The idea
is to find an index restricted independent path between the nodes 1 and 1’
and the other index restricted path between the nodes n and n’. These two
paths have no node common to them. The index of the nodes 1, 1/, n, and n’
is restricted to one, as the path will start from one of these nodes and it will
end at the other node. The index of all other nodes on the path is restricted to
2. Each path will be comprised of (k + 1) number of links when ‘n’ is even
and when ‘n’ is odd, one tree will have one more link in the path compared
to the other path. This idea has been discussed in detail in [10], where it has
been established that the index restricted path between the home city and its
duplicate is equivalent to the travelling salesman tour.

Shortest connected tree is obtained by the greedy approach by selecting
the minimum links in such a way that the selected links never develop a
sub cycle as discussed in [13]. The index restricted connected network was
a modification of the shortest connected tree, where index of each node
is less than or equal to 2, which has an alternative interpretation that it
provides a path joining two nodes (starting and end nodes) passing through
all other nodes of the given network [11]. Therefore, when a link connects
the origin and the end node, it becomes a salesman tour, hence gives an upper
bound to the salesman tour as discussed in [10]. However, Garg and Kumar
in [13] obtained the shortest connected graph by initiating the search from
any minimum link and after that in each iteration added one more link in
such a way that every additional link forms a minimum connected network
of the selected links. These two ideas have been applied to the M-salesman
travelling salesmen problem and search becomes one directional as will be
explained in the numerical illustrations.

When we start from the home nodes, we select the minimum link from
this node, thus when we have two home nodes, one link at each starting home
city with index equal to 1 can be selected. However, the origin node has index
restriction 1, therefore, it is saturated with respect to its index restricted to
1. The only possibility is to consider another node of the recently selected
link. However, the node we just added a link is also saturated by the index
restriction, which is <=2, and it results in only one choice, i.e., add one link
to the node of the latest added link. Each selection saturates one node and
creates a new node where a new link can be added. Therefore, following the
method in [13, 14] for the M-salesman tour, we have only one option open
to us and method discussed in the next section is based on this idea, which
becomes a single direction search. Details are discussed in Section 4.
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4 Method for Finding Two Independent Index Restricted
Paths

We have assumed that the two home stations are represented by the nodes
1 and N from where the two-salesmen will start and end their tours. Along
with the duplicated nodes, all links emanating from the home city are also
duplicated. Among the duplicated links, only one link has an interpretation
as the other link is a virtual link. Therefore, when a selected link is from a set
of duplicated links, the other link is set equal to infinity. It ensures that a link
and its duplicate are not basic (member of the index restricted path) at the
same time. In the reconstructed network, number of nodes will be increased
by two, and the number of links is increased by the number of links emanating
from nodes representing the home cities. Total number of links forming paths
joining the nodes 1 and 1’ and the path joining the nodes N and N’ will be
given by N in a N node network.

The two independent connected paths joining the nodes 1 and 1’ and the
other path joining nodes N and N’ will become two independent tours when
nodes 1 and 1 is over imposed and similarly the path joining nodes N and N’
will form the second salesman tour, when nodes N and N’ are over imposed.
These two tours will be two disconnected tours for the two salesmen.

4.1 Steps for Obtaining Two Disconnected Trees are as Follows
Step 0: The initial step:

1. Consider that the given network is represented by G(N, L), where N is
the node set and L is the link set. From the given network, reconstruct
a new network denoted by G’(N’, L") where the node set has two more
nodes representing duplicate of the home city for the two salesman and
the link set has all given links and duplicated links emanating from the
home stations for the two salesmen. It means in addition to nodes 1 and
N, we have two more nodes, i.e., nodes 1’ and N’. Similarly, number of
links will be added by the duplicate links from nodes 1 and N.

2. Check the number of nodes in the network G’(N’,L’) and find the
number of links in the two independent index restricted paths joining the
nodes 1 and 1’ and the nodes N and N’. Let this number be represented
by 2K, when the number of nodes in the given network G(N, L), is
even; i.e., (N/2) = K and when it is odd, the total number of links will
be (2K + 1), one set will end up getting one extra link at the end, i.e.,
one path will have K links and the other will have (K + 1) number of

links, when K = %
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3. Introduce a link counter r, which initially has a zero value initially, i.e.,
r=20.

Step 1: The two home cities are known, let us assume they are represented
by nodes 1 and N. In general, they can be any two specified nodes. Let
us represent the two corresponding paths between the nodes 1 and 1’ and
between the nodes N and N’ by P and P]{f , respectively. The subscripts
1 and N represent the path from node 1 to 1’ and the path from N to
N’ respectively. K is the number of selected links on each of these two
paths.

Initially there is no link, only nodes are included, i.e., the nodes repre-
senting home cities, which are the nodes 1 and N, being home stations for the
wo salesmen. Node sets of the two index restricted paths be represented by

{N1}and{ Ny} and the link sets be represented by { L1} and { Ly}, respec-
tively.
These paths will have links such that:

{(PEYN{PS = {N}n{Ny}={L:i}n{Ln} =0
(No common link or a node) (1)

2K = (N) for even N, and 2K = (N +1) for odd N. ()

The condition (1) represents that nodes and links are not common in two
paths, and the condition (2) will decide when to stop adding more links to the
paths.

Note that we are looking for an index restricted path with index <=2.
This gives only one choice from the starting node; we move to nearest node
in the feasible direction. If search comes to an end, we use the index balancing
theorem to explore other possible directions.

Step 2: Initially each tree contains a node and no link. Iteration one will select
one link for each path, as follows:

For the tree Tf{min17j¢{NluNT} (C1j)} and tree T]{,{minM#{NluNT}
(Cin)}. Let these two trees be:

Tr=t = {Cy;} and T'='Tn{C|y}, which are the minimum links.
Set the counter r =r+1, and if r + 1 < K, go to step 3, whenr + 1 =Kk,
go to Step 4.

Step 3: Add one more link to each tree by adding a min with respect to the
nodes of the selected link in the trees T} and the tree Th; forming the trees
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T2 and T]%, as given by the Equation (3).

= min  (Cy+T{);  min  (Civ + T} } 3
{17j7j7£{N1UNT}( b 1) iN,i,i;é{NluNT}( N ) 3)

In general, the iterative equation will be represented by (4), given below:

T = { min - (Cy + T min (O +Tzlv<_1)} 4)
feasible i and j fasible i,j

Each iteration results in adding one more link to each existing two trees.
For a network with even number of nodes, the iteration will end when
K = (N)/2 and for N being odd, the iteration will end when K = (N-1)/2
and one remaining link will be added to one of the trees which corresponds
to a minimum.

Repeat the step given by Equation (4) and obtain T, Tf\f for the network
with even number of nodes. For the odd number of nodes, the last remaining
link will either be added to ¥ or T5 which corresponds to the minimum.

Step 4: Find the number of links in the sets 77 and 7. If this number is less
than (n; — 1), find the minimum link to join the existing link in the set to
form a minimum connected tree.

5 Numerical lllustrations

5.1 lllustration 1

For an Illustration of the formulation discussed in Section 4, where the two
salesmen start from the nodes 1 and 6. Let us label them as salesman 1 and
2. Since number of nodes N = 6, the number of nodes in the reconstructed
network will be N + 2, i.e. 8. It means the total number of links forming two
paths will be equal to 6. Each node will be visited either by the salesman 1 or
by the salesman 2 but not by both. Network is given in Figure 1 and the link
weights are given in Table 1.

The reconstructed network will become a network as shown in Figure 2,
where five links have been duplicated (in red) from node 1’. Similarly,
reconstruction will also have five more duplicated links from the node 6'.
However, these five links are not shown in Figure 2, as it will make Figure 2
unwieldy. Link-length data for the reconstructed network in Figure 2 will be
as shown in Table 2.
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Figure 1 Six node networks.

Table 1 Link weights, Cy;,4,j = 1,2,3,4,5,6
Ciyj 1 2 3 4 5 6

1 - 11 9 9 15 16
2 11 - 14 10 10 15
3 9 14 - 6 13 11
4 9 10 6 - 9 10
5 5 10 13 9 - 8
6 16 15 11 10 8 -

Table 2 Reconstructed 8-node network after adding two nodes and link
Ci; 1 2 3 4 5 6 6

1 - 0 11 9 9 15 16 16
Iy o - 11 9 9 15 16 16
2 1m 1 - 14 10 10 15 15
3 9 9 14 - 6 13 11 11
4 9 9 10 6 - 9 10 10
5 5 15 10 13 9 - 8 8
6 16 16 15 11 10 8 -

6 16 16 15 11 10 8 0

Initially, the index restricted path has no links, but it has only two nodes
representing the home stations for the two salesmen, i.e.,

Py links{nOdeS L, 6}

Iteration 1

Now we will add a link from node 1 and a link from node 6. Arranging links
from nodes 1 and 6 in increasing order, we have:

From node 1: min;£s{9(c13),9 (c14), 11(c12), 15(c15) } and
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Figure 2 Reconstructed network of Figure 1

from node 6: min; 1 {8(cs6), 10(c,4), 11(c36), 15(co6) }

Piinks=2 = [T1{9C13}or{9C14},Ts = {8Cs6}] = [(9C13,8C56)}] or
[(9C14,8C56)}]

Since the (1,3) or (1,4) has been selected, the consequence will be
changed to:

That duplicate link-lengths will be changed to:

c; 1 1 2 3 4 5 6 6
' 0 — 11 o 9 15 16 16

Cy; 1 1" 2 3 4 5 6 6
¥ 0 - 11 9 oo 15 16 16
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And similarly, since the link (5,6) has been selected, it will change the
last row:

Ciy; 1 2 3 4 5 6 6
6 16 16 15 11 10 oo 0 -

Iteration 2

Note that nodes 1 and 6 for two paths to be determined will have an index
restricted to 1, for the minimum connected path, we need to investigate links
either from nodes 3 and 5, for the alternative 1 or links from nodes 4 and 5,
for the alternative 2.

Alternative 1: Links in increasing order from node 3: {6c¢3q4, }
Alternative 2: Links in increasing order from node 4: {6¢43}

Iteration 2: Path from the node 1 = min3{9(1, 3)+6(3,4)} or mins{9(1,4)+
6(4,3)} = 15{(1,3), (3.4)} or (1,4), (4,3)}

The path for the salesman starting from node 6, we need to find links in
increasing order reaching the node 5, which are: 15 c52

Ts = min{8(6,5) + 15(5,2)} = 23{(6.5), (5,2)}.

Hence two independent minimum connected paths are: 77 =
15{(1¢ B)a (37 4)}’ or {(L 4)a (47 3)} and Tg = 23(6a 5)7 (5a 2)}

Piinks—1 = [T1{15{(1,3),(3,4), } or {(1,4), (4,3)} and
T6{23{(6,5), (5,2) } }}].

Iteration 3: Since the two paths have 4 links, the next link must take us to
destination node 1’ and 6'.

The required salesmen tours are: For salesman 1— > 4— > 3— > 1’ or
1—>3—>4— > 1"and cost willbe 9 + 6 + 9 = 24.

Tour for the salesman 2 willbe Tg = 6 — 5 — 2 — 6’ and its cost will
be 8 + 10 + 15 = 33.

It means the salesman starting from the node 1 will visit the node 4, from
4 will visit the node 3 and from the node 3 will return to the home city 1 or
from 1 visit 3, from 3 visit 4 and from 4 visit 1.

Similarly, the salesman starting from the node 6 will visit the node 5 and
from 5 visit the node 2 and return home to node 6. These two independent
tours are shown in Figure 3.
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Figure 3 Two independent tours for the two salesmen are shown in red.

Table 3 Link length data

ij 1 2 3 4 5 6 7
1 - 10 o 1 5 oo ™
2 10 - 9 oo 8 10 o
3 o0 9 - 3 oo 4 o
4 1 oo 3 - >~ 5 4
5 5 8§ oo oo - 7 3
6 o 10 4 5 7 - 8
7 o0 oo oo 4 3 -

5.2 lllustration 2

Consider the network with odd number of nodes given in Figure 4 and link
lengths as given in Table 3.

Consider a 7-node network, where once again nodes 1 and 7 will be
duplicated and all links emanating from these nodes will also be duplicated.
Thus, the total number of nodes in the reconstructed network will be 9 and
number of links will increase by 6 as only three links emanate from node 1
and three links from node 7. Link data is given in Table 3 and that of the
reconstructed network will be as given in Table 4.

Note that the number of nodes is odd in this illustration. One salesman
will visit 2 cities and the other will visit 3 cities, two cities 1 and 7 being their
home cities. It is not known who will visit 2 and who will visit 3 cities. Let us
once again call home cities as the nodes 1 and 7 and represent their trees by
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Figure 4 7 node network.

Table 4 Link data for the reconstructed network

ij 11" 2 3 4 5 6 71 7
1 - 0 10 co 1 5 o0 o0 o
7 0 — 10 co 1 5 00 o0 o0
2 10 10 - 9 o 8 10 oo o
3 coco 9 - 3 0o 4 o
4 1 1 oo 3 - o 5 4 4
5 5 5 8 co o - 7 3 3
6 o0 o0 10 4 5 7 - 8 8
7 o0 oo oo co 4 3 8§ - 0
7 oo oo oo oo 4 3 0o -

T and T, and Paths by P; and Pr. Initially, Py = {1, 7}. No link has been
selected.

Iteration 1:

The minimum link from node 1 is link (1,4) of length 1. The minimum link
from node 7 is link (7,5) of length 3.

Iteration one gives:

Pg = [{Tl = 1(61,4),T7 = 3(67,5)}]
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Iteration 2:

The minimum link from node 4 is the link (4,3), i.e., 3 c43, resulting in 77 =
Leig + 3cas = 4{c1a, ca3}.

T7 = {3c75 + Tes} = 10{(7,5), (5,6)}
Therefore, we have
P4 = [{Tl = 4{(17 4)7 (43 3)}T7 = 10{(77 5)7 (53 6)}}]

Now we need minimum from node 3, which is link (3,2), length 9 and the
minimum from 6, is the link (6,7) of length 8. Therefore,

Pe = [{Th =13{(1,4),(4,3), (3,2) s {Tr = 18(7,5), (5,6), (6, 7) } }]
The final link will be added to the tour 1 and the required tour will be:
Pr=[{Ty =20{(1,4),(4,3),(3,2),(2,1)};

{T7 = 18(7,5),(5,6), (6, 7) }}

Two independent paths will be:

From 1— > 4— > 3— > 2— > 1" and from 7— > 5— > 6— > 7.
And their total lengths will be 20 and 18 respectively. The two tours will be
1->4->3->2->1and 7— > 5—>6— > 7.

6 Binary Model for the 2-salesman Model

A binary model for one salesman problem has been presented in [15]. For
convenience and easy to understand difficulties, we develop a binary model
for the illustration 5.1 discussed above.

Since the two home stations are represented by nodes 1 and 6, it means
that one round route will start and fineish from node 1 and the other will start
and finish at node 6. Each salesman will return to home city after visiting
two stations. Each link in the network is represented by a variable x;; =
(1) 1 if the link is included in the salesman tour, else it is 0.

The mathematical model will be:

The Objective function will have 14 terms, i.e. excluding the link joining
the two home cities for the two salesmen i.e., Cig. It will be given by:

Min Z = 11z190 + 9213 + - - - + 16215 + - - - + 856 ®))
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For the salesman tour, each node will have index 2, i.e., one link to enter
that node and another link to exist that node.

However, note that links entering node 6 will not be forming the part of
the tour for the salesman 1 and similarly the links starting from node 1 will
not form the part of the tour for the 2nd salesman. This will give rise to 6
constraints as follows:

Node 1: z192 + 13 + 14 + 15 = 2
Node 2: 19 + x93 + Tog4 + x5 + Tog = 2
Node 3: 13 + x23 + X34 + X35 + T35 = 2

(6)

Node 4: x14 + xo4 + T34 + X45 + T4 = 2
Node 5: 15 + 295 + T35 + 45 + 56 = 2
Node 6: x96 + T36 + T46 + T56 = 2

Each tour will be comprised of 3 links, i.e., the home city and two more
nodes will be visited by these two salesmen. This constraint for the salesman
1 will be given by:

T12 + 213 + T14 + T15 + X3 + Tog + X5 + T34 + 235 + 145 =3 (7)

Similarly for the salesman 2, the constraint will be:

723 + T4 + X25 + X26 + X34 + T35 + W36 + Ta5 + Tag + T56 =3 (8)

A constraint for the total number of links in two tours will be

T2 + X13 + T14 + T15 + 23 + T24 + Tos + T2 + T34

+ x35 + x36 + 45 + T46 + 56 = 6

And all z;; will be O or 1.
An intermediate node cannot belong to both tours, will be reflected by the
following two link paths:

Node 2: x19 + w96 < 1
Node 3: x93 + 236 < 1
Node 4: w14 + 246 < 1

Node 5: z15 + 256 < 1
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Similarly, three link paths will have to satisfy the following constraints:

T12 + 123 + 136 < 2
T12 + Tog + w46 < 2
12 + T25 + Tre < 2

&)

13 + T34 + T46 < 2
13 + T35 + 56 < 2
T14 + 45 + T56 < 2

Since an intermediate node cannot belong to both tours, the binary model
will become very unwieldy for larger networks, and it is not going to be a
viable method to find 2-salesmen tours.

7 Concluding Remarks

The proposed heuristic is simple and will be able to identify two salesmen
tours when their home stations are represented by different cities. This
approach can easily manage larger networks. The binary approach becomes
clumsy with increase in the number of nodes in the network.

It is still a challenge to have two-salesmen tours when they have the same
station as their home city. Further the case for M-salesmen when M > 2
remains a challenge, and they will be investigated in subsequent publication.

Coding for this approach will allow experiments on lager networks and
for measuring efficiency associated with this approach.
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